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Abstract-A model for the heat transfer from a stationary, infinite plasma to a particle is developed so as 
to include rarefaction effects over the entire range of Knudsen numbers, and thermal and chemical 
nonequilibrium in the vicinity of the particlc surface. The overall heat transfer rate is obtained by separately 
determining the contributions due to heavy species conduction and to energy transport by ion flow to the 
particle surface. Knudsen effects are accounted for by means of Sherman’s interpolation formula for the 
conduction problem and its equivalent in electrostatic probe theory for the ion transport to the surface. 
Results are presented for argon plasmas in the pressure range 0.1-I atm. and for particle sizes in the range 

10-100 pm. 

1. INTRODUCTION 

THE CORRECT prediction of the behavior of particles 
immersed in a plasma stream is of central importance 
to the successful application of plasma jets to spraying 
and coating technologies. The fundamental problem 
lies in determining realistically the coupling between 
the particles and the plasma stream, in terms of 
momentum transfer (which determines the particle 
trajectories and residence times within the plasma jet), 
and energy transfer (which affects directly the particle 
temperature, state, size, shape and therefore, in- 
directly, the momentum transfer). Much work has 
been done in the area of numerical modeling of this 
quite complex physical situation, and the treatment 
of the coupled problem seems to be well established, 
provided suitable models are available for the separate 
problems of momentum and heat transfer to a single 
particle. Unfortunately, due to the nature of the 
plasma, and due to constraints on particle size and 
operating pressure, one finds that the description of 
these phenomena, which is a prerequisite to the overall 
description of the coupled problem, is complicated by 
at least two effects which preclude the application 
of otherwise well-established models. One is non- 
equilibrium, thermal and chemical, which may change 
the relative importance of certain energy transfer 
mechanisms as well as introduce new ones that cannot 
be described by equilibrium theory. The second is that 
the problem neither satisfies the requirements of a 
continuum approach, nor those of free-molecular 
theory. Deviations from either limit are not necessarily 
small, and no established theory is available for the 
transitional region. The aim of this work is to propose 
one possible way of including both effects in a model 
of the heat transfer to a particle, without resorting to 
a priori assumptions regarding the extent of non- 

equilibrium, or the magnitude of the deviation from 
continuum. Analogies with established results in elec- 
tric probe theory and in heat transfer in rarefied gases 
(under non-plasma conditions) will be instead intro- 
duced, that, in spite of not having a strong theoretical 
foundation, seem appealing for their ability to cor- 
rectly recover known limits, and their agreement with 
experiments. Simplifying assumptions will unavoid- 
ably be made, but it is felt that their relaxation should 
not introduce qualitative differences from the method 
described here. 

2. BACKGROUND 

That heat transfer rates to particles may be sub- 
stantially affected by deviations from continuum was 
first shown by Chen and Pfender, who carried out the 
analysis of plasma-particle heat transfer at atmo- 
spheric pressure [I], for pressures ranging from 0.01 
to 2 atm [2], and for situations where the flow around 
the particle may contribute a convective component 
[3]. The deviations from continuum (known as 
Knudsen effect) associated with the non-negligible 
Knudsen number Kn = i/R,, where i is a charac- 
teristic mean free path length in the plasma and R, the 
particle radius, were treated by means of a conduction 
potential discontinuity, in analogy to the classical tem- 
perature jump approach 14). Joshi et al. [5] kept the 
mass transfer and heat transfer problems separate, 
and suggested the use of a generalized diffusivity, 
implying the validity of some sort of heat and mass 
transfer analogy. The non-continuum effects were also 
accounted for by a diffusion potential jump approach. 
It must be stressed that in both Chen and Pfender’s 
and Joshi er nf.‘s lines of work a plasma in local 
thermodynamic equilibrium (LTE) was postulated. 
This assumption implies that all diffusional driving 
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NOMENCLATURE 

A particle surface area [m’] Qsond Heat transfer rate by heavy species 
C electron (ion) molar fraction in the conduction [w 

undisturbed plasma Q ICC energy transport rate due to ion diffusion 
D diffusion coefficient [ml s- ‘1 currents FVl 
22 Damkiihler number Q" heat flux [W m-‘1 
e electron charge [C] R radius, radial coordinate [m] 
E, E electric field [V m-‘1 T temperature [K] 

f. g, h Shorthand notations for functions of I thermal velocity [m s- ‘1 
n, r, C Z number of collisions. 

11, heat transfer coefficient [w m-’ K- ‘1 
I electric current [A] Greek symbols 

_L dimensionless current density at the TLF collisionless ion collection coefficient 
particle surface XT.\ thermal accommodation coefficient 

J, J current density [A m-‘1 2’ recombination coefficient [m” s- ‘1 
k Boltzmann’s constant [J K- ‘1 i mean free path [m] 
K heavy species translational thermal P plasma density [kg m-‘1 

conductivity [W m- ’ K- ‘1 1 collision cross section [m’] 
KH Knudsen number dimensionless temperature 

Kfi, effective Knudsen number for ion L, ionization potential [VI 
diffusion A%l&l sheath potential drop [V] 

Kn, effective Knudsen number for R ” ” first approximation to the ion-neutral 
conduction momentum transfer collision integral 

L characteristic length [m] [m’]. 

LR recombination length [m] 
nl mass Subscripts 
Mu Mach number C continuum limit 
n dimensionless number density e electron 
N number density [mw3] FM free-molecular limit 
N ionization rate (mm3 s-‘1 h heavy (ion and, or neutral) 
Nil, Nusselt number based on R, and K,,= i ion 
P tot total pressure [Pa] n neutral 

% dimensionless heat flux at the particle particle 
surface pf total (ions + electrons + neutrals) 

Q heat transfer rate [W] % undisturbed plasma. 

forces can essentially be expressed in terms of the 
temperature gradient and, therefore, could be ac- 
counted for in a generalized heat conduction equation 
by the inclusion of a reactional component in the 
thermal conductivity of the plasma. The slip and jump 
methods were applied by Chang [6] for the calculation 
of drag and convective heat transfer to particles under 
plasma spraying conditions varying from atmospheric 
pressure to soft vacuum. Chang allowed for non- 
equilibrium effects treating number densities and 
temperatures separately and obtaining density and 
temperature jumps at the particle surface. His energy 
transfer rates clearly distinguish between the various 
contributions, due to heavy species translational 
energy transport, recombination energy release due to 
the neutralization of ions on the particle surface and 
electron enthalpy transport. 

Although its use as a ‘corrective’ boundary con- 
dition to the continuum form of the governing equa- 
tion lacks theoretical justification. the jump approach 

is generally accepted for Knudsen numbers ranging 
from 0.001 to 0.1. This implies that the method is 
expected to describe perturbation of the continuum 
situation of small magnitude. The authors of ref. [I], 
based on a comparison with Takao’s results [7] for 
rarefied cold flow heat transfer data for spheres in the 
transition regime, find agreement up to Kn = 0.8. 
Given the lack of theoretical support to the use of 
the jump approach. which assumes a zero-order 
continuum behavior to dominate near the surface, 
matched to kinetic expressions that strictly apply only 
to plane geometry, there seems to be littie guarantee that 
the results will be physically realistic and not forced 
by the nature of the approach itself. It is the authors’ 
opinion that the range of applicability of the jump 
approach method should be judged according to the 
magnitude of the deviations from thecontinuum limit, 
and therefore its use should be limited to small jump 
dtstances relative to the particle characteristic length. 

An alternative approach to the problem was intro- 
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duced by Lee [8] and refined by Chyou [9], and was 
based on the concept of a limiting Knudsen sphere. 
The thickness of the shell surrounding the particle is 
of the order of the shortest among the relevant mean 
free paths and the Debye length, and transport is 
free molecular inside the shell and continuum outside. 
Continuity is required at the continuum-free molec- 
ular interface, and is used to provide boundary con- 
ditions to the continuum problem. Their results, as 
discussed in a later section, do not however recover 
the free-molecular limit for small particle size. 

Another major stumbling block of most previous 
approaches is the assumption of prevailing LTE con- 
ditions in the plasma surrounding the particle. This 
assumption strongly affects the evaluation of prop- 
erties and, in particular, of the diffusive fluxes of 
charged particles to the surface. Since equilibrium in 
relatively high density plasmas is achieved primarily 
by collisional mechanisms, it is obvious that any study 
of the rarefaction effects on the heat transfer to small 
particles must account for possible nonequilibrium, 
chemical and thermal. This last aspect needs to be 
carefully considered in view of the potentially impor- 
tant contribution to heat transfer rates due to the 
release of recombination energy to the surface, and of 
the effect on the results of the transport property 
calculations. 

3. PROPOSED APPROACH 

3. I. General description 
The approach described here aims to quantify the 

importance of ion diffusion and recombination energy 
release. and of thermal conduction in the energy trans- 
fer to the surface of particles in the 10-100 pm diam- 
eter range, immersed into argon plasmas at pressures 
ranging from 0.1 to 1 atm. This choice of parameters 
essentially covers the continuum end of the transition 
regime (for Kn calculated on the basis of undisturbed 
plasma properties and particle size, as described later 
in more detail). No assumptions about thermal or 
chemical equilibrium will be made, and, for consist- 
ency, possible simple expressions for non-equilibrium 
property calculation will be suggested. Flow effects 
will be neglected. In dealing with deviations from the 
continuum situation an alternative approach to the 
jump model will be adopted : this approach consists 
of obtaining, for Knudsen numbers in the transition 
range, the value of the quantity of interest (be it the 
ion current or the conduction heat transfer rate to the 
particle) by interpolation between the values cal- 
culated in the continuum and free-molecular limits. 
The interpolation formula may indeed be quite arbi- 
trary, and the only two constraints that one may 
impose is that it should asymptotically yield the cor- 
rect continuum and free-molecular limits for Kn + 0 
and Kn + x, respectively. The arbitrariness of the 
interpolation formula can only be removed by com- 
parison with experimental data. 

This idea was first introduced by Sherman [lo] for 
the correlation of heat transfer data in rarefied gases 
in the transition regime. The interpolation formula 
for spheres yielded excellent agreement in spite of its 
simplicity 

Q 1 QC eFM=-----’ Kn =- 
l+Kn;” ‘-QFM 

where QFM and Qc are values calculated by approach- 
ing the problem in the free-molecular and continuum 
limits, respectively, and Q represents the actual heat 
transfer rate. This treatment of the transition regime 
is known as Sherman’s interpolation method, and has 
been proven to be of a fairly general nature. Cer- 
cignani [l l] discusses its merits as compared to Milli- 
kan’s empirical formula and variational methods for 
the calculation of the drag force on a sphere in the 
transitional flow regime. 

As far as the evaluation of the ion current collected 
by the particle is concerned, the particle can be treated 
as a floating spherical probe, and electric probe theory 
results may be applied. For a physical probe in the 
transition regime, Talbot and Chou [ 121 proposed an 
interpolation formula for some key integral quantities 
for the prediction of the current collection obtained 
in an earlier fully kinetic analysis of the problem [ 131. 
Thornton [14] later proposed and substantiated with 
experimental results, a simpler correlation. the spirit 
of which is essentially the same as that of Sherman’s 

I 1 
-= -. 
I FM 1 + Kn; ’ ’ 

Kn,=+ 
FM 

where I, and IF,, are again the values obtained from 
the continuum and free-molecular limiting solutions, 
respectively, and I is the actual ion current reaching 
the particle. 

That Qc/QFv and Ic/&, may be interpreted as 
effective Knudsen numbers (related to a single 
Knudsen number based on undisturbed plasma con- 
ditions and on particle size), may not be obvious, and 
will be shown in the following. 

ion current. In the continuum limit, the ion current 
is essentially driven by diffusion induced by the density 
gradient that the appropriate boundary condition 
(zero ion density at the particle, for a catalytic surface) 
causes. One can qualitatively expect that the diffusion 
ion current will scale as 1, cc AD,,,N,,, L, where. 
for frozen or near-frozen chemistry, L is a physical 
dimension of the particle, typically R, for a spherical 
particle. In the free-molecular limit IF, r AN,,u,,. 
Apart from coefficients which can be expected to be 
of order unity 

& Q,, A,, 
--Oc R,c,, R, I 

-a- = Kn,. 
FM 

The relevant mean free path for the Knudsen number 
is therefore the ion-neutral mean free path in the 
undisturbed plasma. 

Conduction heat transfer rate. In the continuum 
limit one expects Qc a AK,,,(T, - TJR,, whereas 
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in the free-molecular limit. QF,, x AN,,rt.,,x(Tx,- r,), 
where c,,~ = c,, is the thermal velocity for the heavy 
species (ions and atoms are assumed in thermal equi- 
librium). By taking the ratio of the two, one finds 
QcjQFM cc Khx:A’,,z~,r R,. Jumping to some results of 
the property evaluation discussed later, one finds that, 
to an acceptable degree of accuracy, Khz QZ NhJ: D,,,, 
with some dependence on the degree of ionization. 
Therefore 

It is important to note that the two expressions for 
fc/t,, and Qc-QF,,, due to a difference in the numeri- 
cal factors, will yield different values in spite of their 
analogous dependence on Kn,. This suggests that the 
ion collection and the energy transfer to the particle 
respond differently, in terms of transitional behavior, 
to the same undisturbed plasma conditions. This 
seems one additional reason for analyzing these two 
processes separately rather than in a single generalized 
heat conduction approach. 

3.2. Property calculation 
Ion-neutral d@kion coeficient. The first approxi- 

mation to the ion-neutral binary diffusion coefficient 
in the Chapman-Enskog approach is given by [I51 

Based on the ion-neutral resonant charge exchange 
cross section adopted by Devoto [l5], @‘.” can be 
shown to vary with the heavy species temperature as 
R’ ‘.I) x Thmo 19, and therefore the separate depen- 
dence of D,, on Th and NT is 

TO 69 
D,, x +. 

T 

It should be noted that for all conditions of interest 
D,, is an excellent approximation to the more complex 
ordinary diffusion coefficient in a three-species system. 
Comparison with equilibrium properties from Hsu’s 
work [ 161 also results in excellent agreement (Fig. 1). 

Heary species translational thermal conducticity. 
From simple kinetic considerations, one expects for 
the translational heavy species thermal conductivity 
K,, x c,,(2.,N, + ;.,.V,) where 

It should be noted that Z,, and E,,” are approximately 
of the same order of magnitude, whereas, due to the 
long range nature of the Coulomb potential, E:,, is 
substantially larger than E,,. Considering various 
regimes of ionization, some conclusions may be drawn 
about the relative importance of i.,N, and L,N, in the 
expression for K,,. 

- 0.2 

: f 

. 2 
-0.1 

PO.0 
0 5ooo limo l.solxl 2oooo 

TM 
FIG. I. Ion-neutral diffusion coefficient and heavy species 
translational thermal conductivity. Comparison between the 
adopted expressions 2nd rigorous transport property cal- 

culations for I atm LTE argon plasma. 

For N,/N, <c I (weakly ionized plasma) : 

Z,, c< N,Zf,/N,, X,, >> NiXl,/N,. 

NAIN, ‘> .T, and ;.iN, << i,N,. 

For N,/N, not small (moderately to strongly ionized 
plasma) : 

So, except for practically fully ionized plasmas (N/N” 
z Z,,/Z,, 2 IO, { 2 0.9). the heavy species trans- 
lational thermal conductivity is dominated by ion- 
neutral and neutral-neutral collisions. Adopting the 
approximation Z,, 2 5X;,,, one obtains i,N, cc 
[f2”~“(N,/N,,+ l/S)]- ‘, and K,, can be related to 
D,, via fY’.“. A slight modification of the numerical 
factors to improve the comparison with available data 
yields 

K,, = 
4kN, 

__ D,, 
;+; 

” 

a simple expression for the translational thermal con- 
ductivity of heavy species, which is believed to be 
suitable for non-equilibrium conditions since the 
dependence on temperature and density is kept sep- 
arate. This expression, when tested vs the equilibrium 
calculations of Hsu [I61 resulted in agreement within 
5% of the more accurate values (Fig. I). The extension 
to include the fully ionized limit is straightforward, 
but will not be applied here. 

3.3. Continuum model 
Ion diffusion. Following Hirschfelder et al. [17], the 

appropriate form for the ion diffusion flux J, in a 
monatomic singly ionized plasma at constant total 
pressure is 

J, = m, 

P 
- N,VN, + FeE+N,VN”] 

10, 

where the electric field E. in the case of a floating 
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particle, is ambipolar in nature. For a floating particle, 
since J , = J, and D,, cc D, one can conclude, by order 
of magnitude analysis of the electron diffusion equa- 
tion 

eE z 

to a very good degree of approximation. Therefore 

J, = -$++~)vN,-N,vN,]. 
The term VN, must be evaluated consistently with the 
assumption of constant total pressure P,,, by means 
of Dalton’s law 

P,,, = N,k7;,+N,X-(T,,+T,). 

It will be assumed here that the electron tem- 
perature T, can be taken as essentially constant, and 
treated as a parameter of the problem. This assump- 
tion is supported by the fact that there seems to be 
strong evidence, both experimental [18] and com- 
putational [6, 191, that substantial deviations from 
thermal equilibrium should be expected in the vicinity 
of cold boundaries, even for atmospheric pressure 
plasmas, with the electron temperature remaining 
quite high. This should certainly hold for the plasma 
surrounding relatively small particles. A suitable 
criterion for electron cooling can be based on 
the following argument: an electron will remain in 
the vicinity of the particle (within a typical distance 
I$,) for a number of collisions of order 2 z (Rp/ie)’ 

(based on a random walk model), and will lose at 
each collision with a cold ion or neutral a fraction 
2m,/m,( z 0( IO- ‘)) of its energy. Substantial electron 
cooling will therefore only take place if Z(2mJ 
m,) a O(l), that is only in the presence of very large 
particles. 

In the following, the ion density N, will be scaled 
with respect to the undisturbed plasma ion density 
N,, as n = N,/N,,, the heavy species temperature will 
be scaled with T,, as r = T,,/T,,. The undisturbed 
plasma will for simplicity be considered in LTE with 
T,,, = T,, = T,. This last assumption may be readily 
removed, if necessary, without requiring but minor 
modifications in the equations presented here. 
Another parameter will be introduced as C = N,,/ 
N TX? related to the undisturbed plasma degree of 
ionization 5 as 5 = C/(1 -C), where f = N,,l 
(N,,+N,,) (a fully ionized plasma is then charac- 
terized by C = 0.5). D,, may be expressed in terms 
of D,,, as 

Scaling the gradient operator on (R&l, and man- 
ipulating the expression for J,, the natural scaling for 
the ion diffusion flux becomes evident as 

J, 
j’ = N,, D,,,/R, 

= - $$+,yn+nforl 

where f and g are shorthand notation for functions 
of n and r defined as 

f=f(n;C)= I-nC; g=g(n,r;C)a I-nC(I-7). 

The conservation equation for the diffusion flux is 
of the form 

V-J, = r;: 

where the right-hand term represents the net ion- 
ization rate per unit volume, which for dominating 
three-body recombination (ion-electron-electron 
process described by the coefficient z’) can be written 
as 

Introducing the scaled variables in the continuity 
equation one obtains 

V-j, = G%(s-n’) 

where 

s = s(n, r: c) = 
I-Cn(l-f-r) 

t(l-2C) 

and 5? is the Damkijhler number defined as 

Typically, the recombination length calculated on the 
basis of the Hoffert-Lien 1201 recombination 
coefficient is of the order of a few hundred 
micrometers (15~ - 10-3-10-1 m) for an atmospheric 
pressure plasma. When dealing with micrometer-size 
particles (R, c IO- ‘-10m6 m) the Damkohler number 
is of the order G3 _ 1O-‘-1O-J, indicating that frozen 
conditions tend to prevail in the vicinity of the particle. 
In Table I the recombination length and the 
Damkohler number for a 100 pm diameter particle in 
an atmospheric pressure plasma are compiled. It is 
important to note that, due to the structure of the 
recombination term, even for 9 _ 0.1 near-frozen 
conditions should be expected. Since approximately 
P cc P,,, frozen conditions become even more domi- 
nant at subatmospheric pressures. 

Assuming therefore that frozen conditions prevail 
in the plasma around the particle, the continuity equa- 
tion becomes 

V-j, = 0. 

Table I. Characteristic recombination lengths and 
DamkBhler numbers for a 100 pm diameter particle in an 

atmospheric pressure argon plasma 

Tz WI LR Lrnl 9 = (R,,‘L& 

8000 2.32 x IO-’ 4.6 x IO-’ 
10000 5.47 x 10-j 8.4x IO-’ 
12000 2.35 x 10-1 4.5 x 10-z 
14000 I.65 x IO-’ I.1 x 10-l 
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In spherical coordinates, scaling the radial coor- 
dinate R as r = R/R,, one obtains the ion diffusion 
equation in integral form as 

where jc is a scaled current density such that Ic = jc 
(4neRpN,,D,,,) (taken positive when collected by the 
particle). jc must be determined so as to satisfy the 
appropriate boundary conditions (n + 1 for r -+ co, 
and n = 0 at r = I). 

Heavy species hear conduction. In the heavy species 
energy equation, the dominant energy transfer mech- 
anism is assumed to be conduction. Collisional coup- 
ling with electrons is assumed to be weak (due to the 
low electron-heavy mass ratio, and to the fact that 
where N, is large (r,- r,) is small, and vice versa), 
and will be neglected. The appropriate form of the 
energy equation under such assumptions reduces to a 
heat conduction equation, involving the translational 
thermal conductivity of the heavy species. After 
scaling the equation, consistently with the ion diffusion 
equation, and observing that 

K = K 1+2C I-nC(l-37) 
h 

hs l-2C 1-nC(l+s) 
7069 

the resulting integral conduction equation becomes 

d7 hqc 
&I=5069 

where 

I-2c I-nC(l-tr) 
h=h(n,r;C)z---- 

1 f2C I -nC(l-37) 

and qc is a scaled heat flux such that Qc = 
qc(47cRpKh~Tz). The boundary conditions for T are 
7-+1forr--,co,and7=7,=7’,/T,atr=1. 

To sum up, the governing equations and boundary 
conditions for the coupled problem of ion diffusion 
and heavy species heat conduction are 

f=f(n;qE I-K; g=g(n,t;c)= I-nC(I-7) 

d7 h qc 
--- 

& - 7069 r2 

I-2c 1 -nC(l+s) 
h==h(n,r;C)r--- 

l+2C I-nC(I-37) 

n-1 for r-+co, and n = 0 at r = 1 

7-1 for r+cc, and 7=7P= TJT, 
at r=l. 

The solution to this non-linear set of coupled ordi- 
nary differential equations can be readily obtained by 
a Runge-Kutta algorithm, together with a shooting 
method for two-point boundary value problems. The 
solution of the continuum problem in terms of the 

scaled variables will yield jc and qc as the appropriate 
constants of integration which ensure satisfaction of 
the boundary conditions. jc and qc are functions only 
of the parameters C (related to the degree of ionization 
in the undisturbed plasma) and 7P (the ratio of the 
particle surface temperature to that of the plasma). In 
particular, qc can be analytically approximated as a 
function of C and 5P to within 3% of the numerical 
solution by the expression 

y,+1.,3c)I+zc1_ 
I -2C 1.69 

The group q&(1 - rp) may also be interpreted as a 
conventional Nusselt number based on the particle 
radius (Nu, = h,R,/Khx) for heavy species trans- 
lational conduction. In the limit C -+ 0, and sP -+ 1 
(small temperature differences). qc -) 1 and Nu, -+ 1 as 
expected. j, is not amenable to a simple analytical 
description, although an attempt to collapse the 
results onto a single curve is presented in Fig. 2. The 
specific plasma conditions and particle size (7,. Pt,t, 
RP) enter the solution only in the redimensionalization 
of j, and qc to Je and QI. It should however be noted 
that neglecting the term &N, with respect to i.,N, in 
the approximation for & leads to the non-physical 
situation of Kh -+ 0 in the fully ionized limit. The 
mode1 is therefore not expected to yield accurate 
results for { 2 0.9, or C 2 0.47. 

3.4. Knudsen number expressions 
Plasma-parricle Knudsen number. The Knudsen 

number Kn, based on the undisturbed plasma prop- 
erties and on the particle radius will be defined as 

Kn, z 
D 

In* , 

R, 

Assuming an undisturbed plasma in LTE, the explicit 
dependence of Kn, on T, and P,,, is Kn, x T’ “/P,,,. 

0.8 

r, 
0.6 

C 

FIG. 2. Resealed dimensionless ion flux at the particle surface 
in the continuum limit. 
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Numerically 

Kn 
* 

~ 1.045 (z-,/10’)’ IY 

R, P,,, 

where T, is in K, R, in pm, and P,,, in atm. 
ton diffusion Km&en number. The effective 

Knudsen number for ion current collection was 
defined as Kn, = Ic/IFM. From the solution of the 
continuum problem, fc (the current collected in the 
continuum limit) can be calculated as 

In the free-molecular limit Laframboise’s theory for 
electrostatic probes in the collisionless regime [21] 
yields. in the analytical representation due to Kiel [22] 

4, = +4N,,r,,/W 

where xLF is a coefficient that depends on the ratio 
of ion and electron temperature in the undisturbed 
plasma. For (7,/T,), = 1, and for a thin sheath, 
xLF = 0.72 [22]. By taking the ratio of 1, to IFM, one 
obtains 

Kn - 2.5OLKn . /- 
%_F 

15 

Conduction heat transfer Knudsen number. The 
Knudsen number for the heat transfer rate by con- 
duction was defined as Kny = Qc/QFM. From the solu- 
tion of the continuum problem, Qc can be calculated 
as 

. . 
In the free-molecular hmlt, QF,, can be obtained from 
kinetic theory as 

QF\, = zTA[(N,x +~N,x)~.~r/4l[W7, --7-,)IA 

where zTA is the thermal accommodation coefficient 
associated with the particle surface. The importance 
of rT-\ is a matter that should not be passed over 
lightly : its effects may be substantial, and little more 
than guessing ‘reasonable’ values can at this stage be 
done. From here on ctLTA will be assumed to be 1 : this is 
of course a limiting case, and one could expect it to 
be realistic only for particles of very irregular shape, 
or high degree of porosity. However, here, the choice 
is made to avoid introducing further effects that would 
increase the effective Kn,. 

Introducing the expression for Khx 

&m = 
16kN,, 
----D 

1+2c I”= 

l-2c 

and observing that (N,,+Y,+V,~) = [l-(2 
-G)C]NT~. one obtains for the effective Knudsen 

number Kn, 

For aTA < 1, the effective Kn, would simply be 
increased by a factor of l/a,,. It is important to note 
here that although Kn, and Kn, are different, they are 
clearly related to a single parameter of the undisturbed 
plasma, that is Kn,. Their exact values depend on the 
solution of the continuum problem, but since i, and 
(I-2C)q,/( 1 +2c) (the latter being a scaled tem- 
perature gradient at the particle surface) should both 
be of the order unity, Kn, and the above formulae 
give a simple and rather accurate estimate of the effects 
of the deviation from continuum on ion diffusion and 
heavy species heat conduction. 

3.5. Energy transfer rates 
The total energy transferred to the particle from the 

surrounding plasma can be computed on the basis of 
the calculated I (ion current collected by the particle) 
and Q (translational energy transport by the heavy 
species). The contribution due to Q is straightforward. 
The diffusion current also contributes to the overall 
energy transfer: ions carry ionization energy that is 
released upon neutralization on the particle surface 
(assumed catalytic), and are accelerated across the 
electron retarding sheath immediately adjacent to the 
particle surface. Moreover, due to the fact that the 
particle obviously collects no net electrical current, 
there will also be an electron current, equal in mag- 
nitude but carrying opposite charge, reaching the sur- 
face and contributing an amount of energy pro- 
portional to I and to the electron temperature. For a 
floating particle the surface work function is irrelevant 
to the calculation of the overall heat transfer rate, 
since ions and electrons contribute terms of equal 
magnitude and opposite sign. The expression for the 
overall heat flux to the particle should then read 

Qtot = 
TOtA 

Q + I* @,onlz + I* (- AQSheath) + I* ZkT,/e. 
Heavy rpener lonlzatlon Sheath potent& ElCCIWl 

lranslatlonal energy contnburmn translational 

energy transport tran+KKt energy transport 

%z- 

, , 

=QEC PIQ, 

For argon, @,O.,, sz 15.76 V. The contribution due to 
the sheath potential drop (essentially a particle charg- 
ing effect due to the high electron mobility) is not so 
clearly defined. However, in the fully collisionless case, 
for a thin sheath around a fioating particle, according 
to Laframboise’s analysis 

A%Wh z -5.9(kT,/e). 

In the continuum limit, Bohm’s criterion 1231 can be 
expected to hold in some form, with a ‘presheath 
existing in front of the collisionless thin sheath. In this 
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case, the sheath plus presheath potential drop can be 
estimated as 

A@,herth = - 5.1(k?-,_ ;‘e). 

In view of the dominance of the ionization energy 
transport term, the difference between the two values 
for the sheath potential drop will be neglected, and 
the first of the two will be employed throughout. 

4. RESULTS AND DISCUSSION 

The calculation of the plasma-particle energy trans- 
fer rates hinges on the determination of the non- 
dimensional parameters jL and qC from the continuum 
solution. From these parameters. the overall energ) 

(a) 10’ 

10’ 

QIwl 

IO0 

T,=lOOOO K; ~~=I/10 

v QmndRp=5O)lm 

z fgiz$:yE 
- I 
mm*-- QmRp-~w 
--a-- Qrec&=2spm 
---a-- WRp-IOpm 
---.-- QqRp=spm 
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‘..=14OOOK; <p=l/10 
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--t mdRp=Blrm 

z E%-% I 
.-q_- OrrcRp-~w 
.--m-- Qmc,Rp-25wn 
.-Q-- Qm,Rp=lOpm 
---a-- Q?ec,Rp=s)rm 

_,*oooooooooooooooo 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 

Ptot Mm1 

transfer in the continuum limit. and the Knudsen 
numbers for ion diffusion (Kn,) and heat conduction 
(kil,). which describes the deviations from that limit. 
may be obtained. In the adopted model, j, and yC 
depend only on the degree of ionization of the undis- 
turbcd plasma and on the particle-to-plasma tem- 
perature ratio rp s T&T,_. The dependence of the con- 
tinuum limit solution on sp is generally weak, and can 
bc analytically reduced (collapsing the curves com- 
pletely in the case of qc and at least partially in the 
case of j,). This result seems particularly interesting 
in view of the drastic simplification it would allow in 
the overull plasma-particle coupling problem. In the 
following discussion. no further mention of the effects 
of TV on the heat transfer rates will be made other than 

(b) lo’ 
T, = 12000 K; up = l/IO 

-o- C?mdRp-50~1 

z ijix$ii~ I 

- QmdRp=Sw 
---o-- Qrec,Rp-Mpm 
--a-- Qm,Rp*25(lm 
---a-- Qrec,Rp-IOF 
---o-- Qrec,Rp=S~ 

P tot [atml 

FIG. 3. Heavy species conduction (Qcon,,) and ion current energy transport (Q,=) to particles of radius R, 
vs total pressure for undisturbed plasma at (a) 10000 K. (b) I2000 K. Cc) 14000 K. 
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reminding the reader that in the free-molecular limit 
the translational energy exchange is proportional to 

T,(l-5p). 
The results will be presented in the form of separate 

contributions to the energy transfer rates from Q, 
and from Qcond. The calculations were carried out 
for pressures P,,, in the range 0.1-l atm, for plasma 
temperatures T, up to I5 000 K, and for spherical 
particles of radius R, of 50, 25, 10 and 5 pm. This 
choice of parameters, in addition to its relevance to 
applications, is consistent with the primary objective 
of this work, that is the description of the heat transfer 
in the transitional regime between the continuum and 
free-molecular limits. The deviations from either limit 
will be presented in the form of the specific Knudsen 
numbers Kn, and Kn,. from which the quantities of 
interest may be obtained as 

Q 1 Q 1 -= _. -=- 
QFhl l+Kn;” Qc IfKn, 

I 1 I 1 -=_------ _=--- 
I FL, l+Kn;” Ic l+Kn,’ 

First, the dependence of Qcond and Qrec on pressure, 
with the particle radius as a parameter, and for three 
plasma temperatures will be presented. At 10000 K 

(Fig. 3(a)). Qcond dominates over Q,, whereas at 
12000 K (Fig. 3(b)) a cross-over between the two 
effects occurs depending on pressure and particle 
radius. At 14000 K (Fig. 3(c)) Qrcc dominates the 
heat transfer, independently of particle radius and 
pressure. This is due to the substantial increase in 
charged species density over this temperature range. 
The dependence of Q,=, on pressure shows an inversion 
in trend with different particle radius. In particular, 
for near-continuum situations (low T,, high P,,,, large 
R,. and resulting small Kn, oz T~‘9/(P,,,R,)), Qr, 
increases with decreasing pressure. This behavior is 
attributable to the fact that the ion current reaches the 
particle surface by diffusion, and the larger diffusion 
coefficient and higher degree of ionization associated 
with lower pressures initially overcompensate the 
‘thinning’ of the plasma, which, eventually, for further 
decreases in pressures, dominates, limiting the con- 
tribution of Q,. In terms of the dependence on the 
particle radius, both QrS and QEond are larger for larger 
particle size. However, the increase is not proportional 
to the increase in the surface area available for heat 
transfer: indeed, the energy transfer rates per unit 
area (Fig. 4) show that the fluxes are higher for smaller 
particles. This effect is consistently observed for all 
conditions, and is more pronounced as continuum is 
approached (in fact, in the free-molecular limit, the 
fluxes become independent of the particle size). The 
physical reason for this to happen is that, for given 
plasma temperature and pressure conditions, smaller 
particles are characterized by larger Knudsen 
numbers, and therefore their conditions lie closer to 
the free-molecular limit, which represents the upper 
limit in terms of possible plasma-particle energy ex- 

---o-- &c,RpkO&~ 

--a-- QrqRp.25~ 
--a-- Qrec,Rp-10,m 
--.,-- QrecRp-~~ 

0.4 0.6 0.8 

Ptot Mm1 

FIG. 4. Heavy species conduction (QC..J and 1011 current 
energy transport (Q,) per unit to particles of radius R, vs 

total pressure for undisturbed plasma at 12 000 K. 

change. This effect is expected to be important for 
the optimization of particle size vs expected residence 
times towards the most efficient particle heating. 
When the energy flux plots vs temperature are con- 
sidered (for three different pressures, 0.1, 0.5, and 
1 atm, Figs. 5(a)-(c), respectively), the striking feature 
is the existence of a temperature range, approximately 
2000-3000 K wide, where a change in the dominant 
energy transfer mechanism occurs, namely from ordi- 
nary conduction by the heavy species to recom- 
bination and sheath energy release due to the ion flow 
to the particle, for increasing temperatures. Lowering 
the pressure causes the crossover to take place at a 
lower temperature, as a result of the increasing degree 
of ionization. 

As far as the dependence on pressure of the specific 
Knudsen numbers Kn, and Kn, is concerned. Fig. 6 
shows the wide spectrum of conditions swept by the 
present choice of parameters, with rarefaction gen- 
erally more heavily affecting conduction than ion 
diffusion. It is important to note how most of the 
conditions are characterized by Knudsen numbers 
well above 0.1, indicating that the deviations from the 
continuum limit are generally larger than lo%, and 
indeed it appears that at low pressures, or for small 
particle sizes, one should rather worry about devi- 
ations from the free-molecular limit than from con- 
tinuum. This is somewhat in disagreement with pre- 
vious analyses, as can be seen from Fig. 7 where the 
results from the present model are compared with 
those from refs. [ 1, 8, 91, for the specific case of an 
atmospheric pressure plasma at 15 000 K. It must be 
pointed out that a direct comparison of the absolute 
values for the energy transfer rates is not possible. 
since none of the mentioned references reports the 
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(4 IO' 
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FIG. 5. Heavy species conduction (Qcond) and ion current energy transport (QJ per unit area to particles 
of radius R, vs undisturbed plasma temperature for a total pressure of (a) 0.1 atm. (b) 0.5 atm. cc) 1 atm. 

calculated values for the continuum limit, but only 
the deviation from such limits. Discrepancies in the 
values for Qg may therefore be partly responsible for 
such differences. For the purpose of a meaningful 
comparison with Chen and Pfender’s results [l], 
obtained by a jump method, the results of the equi- 
librium version of the present model are also 
presented. Two sets of property values were used 
(from ref. [16], indicated as LTEl, and from ref. 191, 
indicated as LTEZ), that should bracket the values 
used in ref. [l]. It is clear that, with respect to the 
present model, the jump approach substantially 
underestimates the Knudsen effect, and. indeed, for 
particle radii less than about 20 jtm, predicts energy 

fluxes that exceed the free-molecular limit values (rep- 
resented by the straight lines labeled as QFM/Qc). It is 
interesting to note that, however, the jump approach 
appears to have the ability to attain an asymptotic 
free-molecular behavior for small particle sizes. The 
problem with it seems to be the systematic under- 
prediction of the relevant Knudsen number, due to 
the strong bias which the initial assumption of small 
deviation from continuum puts on the property evalu- 
ation. As far as the present model is concerned, it 
is important to note that the particular conditions 
considered in Fig. 7 correspond to a situation where 
the energy transfer rates are dominated by the recom- 
bination term. and therefore the overall deviation 
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FIG. 6. Effective Knudsen numbers for ion diffusion (Kn,) 
and for conduction (I$) for particles of radius R, vs total 

pressure for undtsturbed plasma at 12 000 K. 

from continuum is strongly dependent on the specific 
Knudsen number Kn, for ion diffusion and only 
weakly on Kn,. The situation is different at somewhat 
lower temperatures, where the two contributions are 
comparable, with a resulting ‘hybrid’ interpolation 
curve. affected simultaneously by Kn, and Kn,. As 
for Lee’s and Chyou’s models [8, 91, where the jump 
approach is abandoned in favor of the limiting sphere 
concept, problems arise mainly in the recovery of a 
free-molecular behavior. This is probably due to the 
fact that the continuum-free molecular interface is 
positioned at the sheath edge, a few Debye lengths 
away from the particle surface. Since the Debye length 
is substantially shorter than the ion-neutral mean free 
path. this results in a simple increase in the effective 

particle size seen by the continuum solution, without 
a real description of rarefaction effects. The model 
evidently computes the Debye length on the basis of 
the continuum solution, approaching the particle 
from the undisturbed plasma, therefore linking the 
Debye length to the particle size. The result is that 
Q”/QS for Lee and for Chyou actually represents a 
ratio between two continuum energy transfer rates for 
particles of different radii that, however, vary in the 
same functional way. This, for small particle sizes, 
gives rise to a constant Q/Q: ratio. The model may 
account for some changes in the temperature bound- 
ary condition for the continuum problem as the par- 
ticle size is reduced, but, as the present model clearly 
indicates, these should only weakly affect the solution. 

As a final remark, it is interesting to note that non- 
equilibrium reduces the particle size induced rarefac- 
tion effects on the plasma-particle heat transfer rates, 
at least for an atmospheric plasma at 15 000 K. This 
is probably attributable to the fact that the recom- 
bination energy transfer, which dominates the heat 
transfer under these conditions, is somewhat less sen- 
sitive to the Knudsen effect than conduction, as can 
be seen from Fig. 6. 

5. CONCLUSIONS 

Independently of the model adopted to describe 
the phenomenon, it is evident that, for the set of 
conditions considered, the energy fluxes based on the 
continuum approach are sufficiently close in mag- 
nitude to their counterpart in the free-molecular limit 
that methods based on the assumption of small per- 
turbations from either limit appear inadequate. In 
such translational regions of the Knudsen number 
range, Sherman’s interpolation formula for con- 
duction heat transfer and its analogous formula (due 
to Thornton) in electrostatic probe theory seem to 

10 

Particle radius, )~m 

RosmtModd 

- Non-Equilibrium 
. . . . . “.., I.fi* 

I . . . . . . . . t.m 

PrwtmoModdo 
- xam 
- Y.CLeo 
- YP.alycu 

FIG. 7. Effect of particle size on the deviation from continuum total energy transfer fluxes. The data for 
previous models are taken from ref. [9]. 
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offer a physically sound and computationally advan- 

tageous approach to plasma-particle heat transfer 
problems. Non-equilibrium effects may be included in 
a simple way, as long as the plasma properties are 

consistently evaluated. 
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UNE APPROCHE UNIFIEE DU TRANSFERT THERMIQUE PLASMA-PARTICULE 
DANS DES CONDITIONS DE NON-CONTINUITE ET DE NON-EQUILIBRE 

RCsum&-Un modele pour le transfert thermique dun plasma infini i une particule est developpi de facon 
a inclure les effets de rarefaction sur le domaine complet des nombres de Knudsen, du non-equilibre 
thermique et chimique au voisinage de la surface de la particule. Le flux global de chaleur est obtenu en 
d~te~inant separement Ies contributions de la conduction des especes Iourdes et du transport d’inergie 
par I’&coulement ionique B la surface de la particule. Les effets de Knudsen sont pris en compte au moyen 
de la formule d’interpoiation de Sherman pour Ie probltme de conduction et son equivalent dans ia thtorie 
electrostatique pour le transport ionique I la surface. Les rbsuitats sont presentis pour des plasmas d’argon 

dans le domaine de pression 0,1-I atm et pour des tailles de particules dam le domaine IO-IO0 him. 

EINE ~INHEITLICHE N~HERUNG FUR DEN W~R~SE~BERGANG ZWISCHEN 
PLASMA UND PARTIKELN UNTER NICHTKONTINUUMS- UND 

NICHTGLEICHGEWICHTSBEDINGUNGEN 

Zusammenfassung-Es wird ein Mode11 fiir den Wiirmeiibergang von einem ruhenden unendlich aus- 
gedehnten Plasma an ein Partikel entwickeit. Dabei werden die EinfliIsse einer starken Verdfinnung 
iiber den gesamten Bereich der Knudsen-Zahlen beriicksichtigt, ebenso die thermischen und chemischen 
Nichtgleichge~chts~ingungen in der NHhe der Partikelo~~~che. Der Gesamtw~~etransport wird 
durch getrennte Bestimmung der Einzelbeitrage ermittelt : Warmeleitung und zusltzlicher Energietrans- 
port durch Ionenstriimung zur Partikeloberllgche. Knudsen-Effekte werden mit Hilfe der Interpolations- 
gleichung nach Sherman fiir das Wlrmeleitungsprobiem beriicksichtigt. fiir den Ionentransport wird das 
entsprechende elektrostatische Analogon herangezogen. Es werden Ergebnisse fiir ein Argonplasma 

im Druckbereich 0,1-l atm und fur PartikeIgrciBen im Bereich IO bis 100 /fm vorgestelh. 
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EAMHbltl l-lOAxOA K TElNlOl-lEPEHOCY MEXCfiY I-IJDUMO~ I4 ‘4ACTMIJEft nPI4 
OTCYTCTBMM Cl-lJIOlUHOCTM M PABHOBECMII 

A5nomm~Pa3pa6o~aHa bfonenb TennonepeHoca OT HenonsHrHoR 6ecKOHerlHOfi nna3MbI L qacrnue 

Ann yvna 3@@eKTOB pa3pexeHHn BO BCeM mIarIa30He 3HaYeHHR YHcna KHYIWH~, a Tame TeruIOBOrO Ii 
XHMHWCKOrO He~BHOECCHn B~JIH~H IIOBepXHmH uacTHubI. CXOpOCTb CyMMapHoro rennonepcHoca 

UOJly’IeHa MeTOllOM pa3LWtbHOrO OllPeLWleHHSl BKJIallOB 38 C’ieT TellJlOlI~BOJlH~H TI(1(CJ(YX ‘taCTHU H 

nepeHOCa 3HeptHH HOHHblM IlOTOKOM K IIOBepXHOCTH sacTHIlY. KHy!WHoitCtHti 3t#err y’!mbmaCTCn 
HHTepIIOJlWHOHH0i-i @OpMyJlOti NepMaHa AIIR 3ailaYH TelLlIOtl~BOIlHOCTH ii Ce 3KBHBMeHTa B UleKT- 
POCTaTHKe IlPHMeHHTCnbHO I( IIepeHOCy HOHOB K tlOBepXHOCTH. nPeLtCTaBJleHbl FynbTaTb, LUlR aprOH- 

HOk IIJWMbl IIpH LIaBnCHHH 0.1-l aTM H pa3Mepax 4aCTHq 10-100 MKM. 


